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Abstract 

In this paper we study the flag curvature of a new class of Finsler metrics called general (a, /3)-metrics, 
which are defined by a Riemannian metric a and a 1-form /3. The classification of such metrics with 
constant flag curvature are completely determined under some suitable conditions, which make them locally 
projectively flat. As a result, we construct many new projectively flat Finsler metrics with flag curvature 
1, 0 and —1 in Section 9, all of which are of singularity at some directions. The simplest one is given by 
F = (b a +p) 2 where b = ||0|| q . 

1 Introduction 


In Finsler geometry, many important Finsler metrics with constant flag curvature are locally projectively flat. 
For example, the generalized Funk metrics 


\/(l - \x\ 2 )\y\ 2 + jx/y) 2 \ (x,y) (a, y) \ 

l-|x| 2 \l — \x\ 2 + l + <a,z) j 

are locally projectively flat with constant flag curvature I\ = — where a is a constant vector^. (11.11) belong 
to a special class of Finsler metrics called Randers metrics given in the form F = a+/3, where a is a Riemannian 
metric and /3 is a 1-form. Moreover, the generalized Berwald’s metrics 


((1 + ( a , x ))(\/ (1 ~ M 2 )M 2 + (x,y) 2 + (x,y)) + (1 - \x\ 2 ){a,y)) 2 
(1 - N 2 )V(l-N 2 )|y| 2 + <a: ) j/) 2 


( 1 . 2 ) 


are also locally projectively flat with constant flag curvature K = opu. da belong to the so-called square 
metrics given in the form F = . [IT] 

Both Randers metrics and square metrics belong to the metrical category called (a, /3)-nretrics, which are 
given in the form F = ouf>(—), where c/>(s) is a smooth function. In 2007, Li-Shen proved that except Riemannian 
metrics and locally Minkowskian metrics, any locally projectively flat (a, /3)-metric with constant flag curvature 
K is either locally isometric to a generalized Funk metric after a scaling when K < 0, or locally isometric to a 
generalized Berwald’s metric after a scaling when K = 0[5]. 

Randers metrics can be expressed in another famous form 


\/(l ~ b 2 )a 2 +/3 2 (3 

1 - b 2 + 1 - b 2 ’ 


(1.3) 


where b := ||/3a;||a is the length of /3. Combining with Bao-Robles-Shen’s well-known classification result[2j and 
the related discussions in [5], one can see that a Randers metric is locally projectively flat and of constant flag 
curvature if and only if a in is locally projectively flat and /3 is closed and homothetic with respect to a. 
Note that Beltrami’s theorem says that a Riemannian metric is locally projectively flat if and only if it is of 
constant sectional curvature. So the above fact means that a and /? satisfy 


R j — S' j y yj), h\j — cciij , 

F(eywords :Fi ns 1 er metric, general (a,/3)-metric, flag curvature, projective flatness, deformation. 
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where c is a constant. 

Square metrics can also be expressed in another form 

„ (V(l-6> 2 + /3 2 + /3) 2 

(l-& 2 )V(l~fr> 2 +/3 2 ' 1 ' 

The first author showed that a square metric is locally projectively flat if and only if a in USD is locally 
projectively flat and /3 is closed and conformal with respect to a[IS], i.e., 

a R l j = h(o? 5 z 3 - y l yj), b^ = c(x)a i:j , (1.5) 

where c(x ) is a scalar function on the manifold. Later on, Z. Shen and the first author proved that a square 
metric is an Einstein metric if and only if a and /3 satisfy 

a Ric = 0 , bi |j = caij, 

where c is a constant El- 

One can see from the above facts that the expressions m and (11.41) have the advantage of clearly illu¬ 
minating the underlying geometry, although they are more complicated in algebraic form. This is a common 
phenomenon about (a, 8 1-metrics [151 [H] . Actually, both Randers metrics and square metrics belong to a larger 
class of Finsler metrics called general (a,/3)-metrics, which are also defined by a Riemannian metric a and a 
1-form /3 and given in the form 

F = ot(f)(b 2 ,^j , (1.6) 

where </>(6 2 , s) is a smooth function[T6l. 

If (j) = (j){s) is independent of b 2 , then F = acj)(^) is a (a, /3)-metric. If a = \y \, /3 = ( x,y ), then F = 
|y|</>(|a;| 2 , is the so-called spherically symmetric Finsler metrics. Moreover, general (a,/3)-metrics include 
part of Bryant’s metrics and part of fourth root metrics. That is to say, general (a, /3)-metrics make up of a much 
large class of Finsler metrics, which makes it possible to find out more Finsler metrics to be of great properties. 
For example, in (a, /3)-metrics we cann’t find out any non-Ricci flat Einstein metric unless it is of Randers 
type[4]. The main reason is that the category of (cc, /3)-metrics is a little small. If we search Einstein metrics in 
general (a,/3)-metrics, then it is not hard to find out metrics with positive and negative Ricci constant |12]. 

Come back to our discussions. It is clear that the corresponding functions 4>{b 2 , s ) of (11.31) and (11.41) are given 
by (j) = ^ l ^ b t s2 + yrp- and (j) = respectively. Moreover, both of them satisfy the following 

PDE: 


4>22 = 2(<(>1 - s4> 12 ). (1.7) 

Here </>i means the derivation of </> with respect to the first variable b 2 . 

In fact, the first author proved that when dimension n > 3, every non-trivial locally projectively flat (a,/?) 
metric can be reexpressed as a new form F = a<j> (b 2 , s) such that the corresponding function </> satisfies ( 11 . 71 ) . 
and at the same time a and /? satisfy mm- We believe that it also holds for general (a, /3)-metrics, although 
we don’t still know how to prove it by now. Until now, it is known that if m holds, then the general 
(a, /3)-metric F = a<f> (b 2 , s ) is locally projectively flat if and only if $ satisfies (ll.7j) jT2]. 

The aim of this paper is to study general (a, /3)-metrics with constant flag curvature. It’s worth mentioning 
here that L. Zhou proved an interesting result in 2010: if a square metric is of constant flag curvature, then it 
must be locally projectively flat[17]. It is not true for Randers metrics, because there are many Randers metrics 
with constant flag curvature which are not locally projectively flat actually [2]. Even so, we have reason to believe 
that Zhou’s result holds for any non-Randers type general (a, /3)-metrics. More specifically, we conjecture that 
except Randers metrics, there does not exist any non locally projectively flat regular general (a, /3)-metric to 
be of constant flag curvature. Randers metrics are very particular, the key reason is that any Randers metric 
will still turn to be a Randers metric after navigation transformation [2], but for a non-Randers type general 
(a, /3)-metric, it will not turn to be a general (a, /3)-metric after navigation transformation in general[TB]. 

Hence, we will discuss our problem under the assumption that a and 8 satisfy the conditions m, and (j) 
satisfies the condition (ED- In this case, the corresponding general (a, /3)-metric must be locally projectively 
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flat. Moreover, Lemma o shows that the conformal factor c(x ) in (11.51) must satisfy c 2 = n — fib 2 for some 
constant n. 

To be more clear, let’s illustrate our assumption in this paper again: 

Assumption: a, /? and (f> satisfy 

a R l j = fi(a 2 5 l j — y x yj), = (k - fib 2 )a,ij, </>22 = 2(<^i - s(f 12 ) (1.8) 


respectively. 

We believe that such conditions are natural. Our main reason is that all the known general (a, /3)-metrics 
with constant flag curvature, including Bryant’s metrics which are not discussed above, can be reexpressed to 
fit it. 

The general (a, f3)- metrics F = a4>(b 2 , with constant flag curvature under our assumption can be com¬ 
pletely solved. Firstly, we have the following equivalent characterization. 

Theorem 1.1. Let F = acf>(b 2 ,—) be a general {a., ft)-metric on an n-dimensional manifold M with n > 3 , 
where a, (3 and <f> satisfy m- Then F is of constant flag curvature K if and only if the function 4> = <fi(b 2 , s) 
satisfies the following PDE: 

(k - fib 2 ) \f> 2 - (ip2 + Ss'i/'i)] + + M = Kcj) 2 , (1.9) 


where f> := ^ >2 ~t 2lS ^ 1 . 


The Riemannian metrics a and 1-forms f3 satisfying JE3 have already been determined completely (see 
(13.11) 1. According to Theorem ll.il in order to determine the general (a,/3)-metrics with constant flag curvature 
under our assumption, we only need to solve Equation m and m - 

The case when n = 0 and fi = 0 is trivial, because in the case a is locally Euclidian and /? is parallel with 
respect to a. As a result, F = acj)(b 2 , ^) is locally Minkowskian and hence flat automatically for any suitable 
function cf(b 2 ,s). 

When /t^O and fi = 0, we have the following result. 

Theorem 1.2. Let F = a<j)(b 2 ,^) be a general [a, (3)-metric on an n-dimensional manifold M with n > 3 , 
where a, (3 and (f> satisfy (HE) with k ^ 0 and fi = 0. Then F is of constant flag curvature K if and only if </> 
is given by one of the forms: 


2 VC - b 2 + s 2 ± s’ 

_ 0(u) _ 

q 2 {u){Dq(u) + v ) 2 + o' 


( 1 . 10 ) 

( 1 . 11 ) 


where a := K/k, u := b 2 — s 2 and v := s, the function q(u ) satisfies the following equation: 


D 2 q 4 + (u - C)q 2 -a = 0, 


where C and D are constants. 


The case when k ^ 0 and fi ^ 0 can be reduced to the above case by some special deformations. See Section 
3 and Example 18.51 for details. 

The case when n = 0 and /i / 0 is very special, and we have the following result. 

Theorem 1.3. Let F = a<p(b 2 ,^) be a general (a, (3)-metric on an n-dimensional manifold M with n > 3, 
where a, (3 and <f> satisfy (HE) with k = 0 and fi ^ 0. Then F is of constant flag curvature K if and only if </> 
is given by: 


f(u,v) 


2 q(u)(Vu + v 2 ± v ) 2 
[q(u)(y/u + v 2 ± v) 2 + p(u)] 2 + t ’ 


( 1 . 12 ) 


where r := —K/fi, u := b 2 — s 2 and v := s, the functions p(u ) and q{u) are given by one of the forms: 


p(u) 


q{u) = ± 


(C ± y/C 2 + 8 pu) 2 
4 u 2 


(1.13) 
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or 


p{u) 

q{u) 


±\ 


l~{C 2 - D)t - C(Ct - 2u) ± x /D(C t - 2 u) 2 - D{C 2 - D)t 2 

2 {C 2 - D) ' 


P 2 + T — Upp' ± \J{p 2 + T — Upp ') 2 — ( p 2 + T)u 2 p' 


u 2 p' 


where C and D are constants. 


(1.14) 

(1.15) 


By Theorem 11.31 we can obtain some new Finsler metrics with constant flag curvature 1, 0 and —1. For 
example, it is easy to check that fib 2 , s) = (b + s) 2 satisfies Equations (11.71) and (11.91) with k = 0, y ^ 0 and 
K = 0, so 

F iba + fd) 2 
a 

is projectively flat and of vanishing flag curvature, where 

_ -\/(i + h\ x \ 2 )\y\ 2 — h( x iy) 2 o_ H%,y) + (i + a*M 2 )(«>y) - h(a,x)(x,y) 
a 1 + mN 2 ’ P {1 + p\x\ 2 )i 

with additionally A 2 + p\a\ 2 = 0, which makes a and (3 satisfy (11.81) with k = 0. One can find more examples 
in Section 9. 

Notice that <j>— sfo = b 2 — s 2 and </>— S(j )2 + ( b 2 — s 2 )(j )22 = 3 (6 2 — s 2 ), so such metrics are non-regular at the 
directions ( y l ) = ±(6*). Moreover, (f> = 0 when (y l ) = -~{b x ). Actually, all the metrics determined by Theorem 
11.81 have the same singularity. Hence, we have 

Corollary 1.4. When n> 3 , all the non-trivial regular general (a, -metrics F = acj)[b 2 , —) with constant flag 
curvature satisfying \1.8\) are completely determined by Theorem \1.2l 


2 Preliminaries 

Let F be a Finsler metric on an n-dimensional manifold M and G l be the geodesic coefficients of F, which are 
defined by 

G i = ±g il {lF 2 } xkyl y k -[F 2 ) xl }, 

where (g lJ ) := 1 ■ For a Riemannian metric, the spray coefficients are determined by its Christoffel 

symbols as G l (x,y ) = ^Tt k (x)y 2 y k . 

For any x € M and y G T X M\{ 0}, the Riemann curvature tensor R y = R l j-£p: dxi of F is defined by 

™ . = _ 9 2 G i k k d 2 & _ d&_dG^ 

J dxi dx k dyt dy k dyi dy k dyi 


The value as follows 


K(P y) :=-- 

9 v (y,y) 9 y(u,u) - [g y {y, u)] 2 

is called the flag curvature of the flag plane P = span{y,w} C T X M along the direction y. When F is 
Riemannian, K(P,y) = K(P) is independent of y £ P and it is just the sectional curvature of P in Riemann 
geometry. F is said to be of constant flag curvature if for any y G T X M , the flag curvature K(P,y ) = K is a 
constant, that is equivalent to the following system of equations in a local coordinate system [x l ,y‘ l ) in TM , 

R'j = KF 2 {8 i j - F~ 1 F yj y i ). 

On the other hand, a Finsler metric F on a manifold M is said to be locally projectively flat if at any point, 
there is a local coordinate system (x l ) in which the geodesics are straight lines as point sets. In this case, the 
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is called the projective 


spray coefficients are in the form G l = Py l , where P = P(x,y) given by P = — 
factor of F. For a projectively flat Finsler metric F, the flag curvature is given by 

P 2 - P xk y k 

K = - , . 

F 2 


( 2 . 1 ) 


By definition, a general (a,/3)-metric is given by (11.61) where <f> = <f>(b 2 ,s) is a smooth function defined on 
the domain \s\ < b < b 0 for some positive number (maybe infinity) b a , a is a Riemannian metric and /3 is a 
1-form with b < b 0 . When n > 3 , F = a<f>(b 2 , ^) is a regular Finsler metric for any a and /? with b < b a if and 
only if (f>(b 2 ,s ) satisfies 

(j) - s4 >2 > 0 , (j) - S(f )2 + ( b 2 - S 2 )(j) 22 > 0 , |s| < b < b Q . 


Let a = i/ aij{x)y l y^ and /? = bi(x)y l . Denote the coefficients of the covariant derivative of /3 with respect 
to a by bi\j, and let 

Uj = \{bi\j + bj\i), Sij = \{b Aj - bj\i), r 00 = Tijy l y J , s z 0 = a lJ s jk y k , 

7 'i = b^i'ji, Si = b 3 Sji, tq = Tiy l , sq = Siy l , r 1 = a l3 rj, s 1 = a 13 Sj, r = 6Vj, 

where (a' 13 ) := (a^) -1 and b l := a X3 bj. It is easy to see that /3 is closed if and only if sy = 0. 

Lemma 2.1. 116] / The geodesic coefficients G l of a general (a, /3)-metric F = acf(b 2 , £) are given by 


G i — Q G' + aQs i o + {0(— ‘ZolQso + roo + 2 ct~Rr) + ctf2(ro + so)} ~— 

a 

+ {\l/(-2aQso + r 0 o + 2 a 2 Rr) + aII(ro + s 0 )} b l - a 2 R(r l + s '), 
where a G l are the geodesic coefficients of a, and 

_ 2<fti s(f)-\-(b 2 — s 2 )4> 2 jj 

{4> — s4> 2 ) <j> 12 — s4>\(j) 22 . 


( 2 . 2 ) 


Q = 7^ 


<f) — S<j>2 5 


R = 


(f> — S(p2 ’ 


n = 


0 = 


(tf>— S0 2 )02 — S0022 
2c/>(t/>-s4>2 + (b 2 -S 2 )tl>22) 


V = 


2(0-S02 + (b 2 -S 2 )022 ) 


n = 


6 — S02 ) ( 0-S02 + (b 2 -S 2 )022 ) 


Note that <p 1 means the derivation of <j> with respect to the first variable b 2 . 

Finally, it is known that if the geodesic spray coefficients of a Finsler metric F are given by 

G‘ = a G i + Q\ 

then the Riemann curvature tensor of F are related to that of a and given by 

R l :l = a R i j + 2 Q l u - y m Q\ m . j + 2 Q m Q\m.j - Q l .mQ m .j, (2.3) 

where “ 1 ” and denote the horizontal covariant derivative and vertical covariant derivative with respect to a 
respectively, i.e., *.* = 


3 Constant sectional curvature Riemannian metrics and their con¬ 
formal 1-forms 

According to [15], if a and /3 satisfy m, then there is a local coordinate system in which 


= \/(1 + mM 2 )\y\ 2 - n = A(j \y) + {1 + Li\x\ 2 ){a,y) - ffia, x)(x, y) 

a i + mN 2 ’ P (i + n\x\ 2 )i 

In this case, 



A -/j,{a,x)~ 

°*b' r\ ;— m 0 " 13 ' 

v 1 + m 2 

(3.2) 

One can check directly 

c 2 (x) = A 2 + n\a\ 2 — yb 2 . 

(3.3) 

Hence, we immediately have 
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Lemma 3.1. If a and (3 satisfy II 1.5)) . then 


for some constant n. 


c 2 = k — [ib 2 


The constant k has specific geometric meaning. In order to see it, we need some discussions on wrap product. 
Because /3 is closed, we can assume locally ft = df ^ 0 for some smooth function f(x). It is easy to see that 
the condition bju = ca^- is equivalent to Hess,*/ = ca 2 . According to P. Petersen’s result, in this case 

a 2 = dt ® dt + h 2 [t)ot 2 (3.4) 

must be locally a warped product metric on the manifold M = lx M, where M is an (n — l)-dimensional 
manifold equipped with the Riemannian metric a. Moreover, the function / depends only on the parameter t 
of R and h(t) = f'(t)[ Bj. 

Let x 1 = t and {a; Q }"_ 2 be a local coordinate system on M, then the Riemann curvature tensor of a is 
determined by m 

R 1 j = - y 1 Vj), R a c = a R a c - (h') 2 {a 2 S a c - y a y c ) - > ^-(y 1 ) 2 6 a c , 

where y a = y a and y c = d ac y a . Hence, if a is of constant sectional curvature, then combining with the first 
equality of m and the above two equalities we obtain h" + (ih = 0 and 

& R a c = [yh 2 + (i h 0 2 ] {d 2 6 a c - y a y c ). (3.5) 

On the other hand, /3 = df = h(t)dt by assumption and hence b 2 = h 2 . Direct computations show that 
bi\j = h'(t)aij , so by Lemma Hi.il we have 

yh 2 + (h 1 ) 2 = yb 2 + c 2 = k. 

Lemma 3.2. The Riemannian metric a in is of constant sectional curvature k. 

Next, we will show that the case when n ^ 0 and y ^ 0 could be reduce to the case y = 0. We need some 
special metrical deformations for a and /3, one can see m for details about these deformations. 

Lemma 3.3. When k ^ 0, y ^ 0 and k — yb 2 > 0, define a and j3 by 


d 2 = 


\y\ 


k — yb 2 


k — yb 2 


P = 


\y \ 3/2 


(k — yb 2 ) 2 


then 

In this case, 


a R l j = 0, 


bi\j — i \J I y I a ij ■ 


(.k — yb 2 )(n 1 + y 1 b 2 ) = 1, 
and the reversed deformations are given by 


a 2 = 


\y\ 


-l 


k -1 + ^ _1 6 2 
Proof. It is easy to see that 


Let then 


d 2 - 


y 


-1 


tt _1 + 




\y\ 


- 3/2 


(k _1 + y 1 b 2 ) 2 




c(x)y 
k — yb 2 


Py l - 


Q l u = y y l yj + 


y 


n — yb 2 




y K Q l \k.j = y ( oi 2 5 i j + 


k — yb 2 


Py\ 


j > 


Q\ k Q k .j = 


Q Q\k.j = 


y 


k — yb 2 
2 


y 


k — yb 2 


{/3 5 l j +3/3y l bj), 


(/3 2 6 i j +Py%), 
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where y,; = a^y 3 . So by (12.31) we have 

= a R'j - - y l y 0 ) = 0. 

On the other hand, direct computations show that 

~ blU = + ^7& blbj ) : 

□ 


Notice that when k < 0, a 2 is a pseudo-Rienrannian metric of signature (n — 1,1), because it is positive 
definite on the hyperplane /3 = 0 and negative when y % = b l . In particular, the norm of /3 with respect to a is 
negative, i.e., b' 2 < 0. 

k = 0 (in this case y must be negative by Lemma iTll) is a very special case, because the metrical deformation 
given below is irreversible. 

Lemma 3.4. When y < 0 and k = 0, define a and f3 by 


then 

In this case, 6=1. 



P_ 

b 2 1 


x R l j = 0 , 


bi\j 0. 


Proof. It is easy to see that 
where c = c(x ) is a scalar function with c 2 = — yb 2 . Let Q l = —-§z/3y l + cn 2 b l . Then 


i G i = a G i -^y i + ^ b\ 


Q l \j = -f (« 2 ^- - 2 y% - ^b% + pbjyj , 

v k QVj = M {(« 2 - - £(b% - , 

Q\kQ k .j = -y 2 {pr, + m,y l - 0y, - * 2 b% - , 

Q k Q\k, = -y{ (f ^ + PM ~ vP) y 



where yi = a^y 3 . So by (12.31) we have 


& R l j = a R l j ~ y(a 2 S^ - y' yj ) = 0 . 


On the other hand, direct computations show that bju = 0. 


□ 


4 Proof of Theorem 11.11 

Proof of Theorem li.il Because a is of constant sectional curvature, a must be locally projectively flat due 
to Beltrami’s theorem. Hence, there is a local coordinate system such that a G l = 6y l . By (12.21) . the spray 
coefficients G l of F is given by G l = (9 + caip)y l ■ 

It is easy to see that 

ot x *y k = 2 ad, f3 x ky k = ca 2 + 2/30, c x ky k = -y/3, 

where the third equality is based on Lemma 13. II Then 

( caip) x ky k = a 2 [—ysif + c 2 (ip 2 + 2s^i)] + 2 caOip. 


7 







So by (12.11) we have 


(9 + caip) 2 - 6 x ky k - ( caip) x ky k 

K = -F2- 

{9 2 - d x ky k } + a 2 {ysip + c 2 [V> 2 - jf 2 + ‘Jsipf)} 

F 2 

_ y + {ysip + c 2 [if 2 - {ip 2 + 2s^i)]} 

<f> 2 

Here we use the fact that a is projectively flat and hence 9 2 — 9 x uy k = ya 2 by (HOT) . □ 

In the rest of this paper, we will determine all the general ( a, /3)-metrics with constant flag curvature under 
our assumption. There are four different cases below, 

(a) ft = 0 and y = 0; 

(b) ft f 0 and y = 0; 

(c) k f 0 and y f 0; 

(d) k = 0 and y f 0. 

As we have pointed out in Section 1, the case (a) is trivial and will not be discussed. The case (b) will be 
discussed in Section 6 and Section 8. 

The case (c) can be reduced to the case (b) and hence it is not necessary to be discussed specially. The 
reason is below. If F = a(j)(b 2 , &) is a general (a,/3)-metric satisfying Theorem ll.il with k f 0 and y f 0, then 
after deformations in Lemma Id.31 the new data (d,/3) satisfies the condition (11.81) with n 0 and y = 0. As a 
result, F can be reexpressed as a new form F = a^(6 2 , 4). In [T2], we have proved that if (j) satisfies Equation 
<o> and (Oil . then <f> also satisfies Equation C3 and (EH) with K = |jit| and y = 0. That is to say, all the 
solutions provided by (c) are included naturally by in (b). 

On the other hand, (d) is intrinsically different from (b). Although a data (a, fl) with ft ^ 0 and y = 0 can 
turn to be a new data (a, f$) with y = 0 after deformations in Lemma HOI (d) can not be reduced to (b) like (c). 
The key point is that the deformations in Lemma |3.41 is irreversible. The case (d) will be discussed in Section 
7 and Section 9. 


5 Solutions of Equations (11.71) and ( 11.91) in general case 


Lemma 5.1. The solutions of Equation are given by 

&{b 2 ,s) = fib 2 - s 2 ) +2 s f f\b 2 - cr 2 ) do- + g{b 2 )s , 

Jo 

where f and g are two arbitrary smooth functions. 

Proof. Make a change of variables as 

u = b 2 — s 2 , v = s, (5.1) 

then b 2 = u + v 2 , s = v. Because 
d 

— {(j) - sfc) = (0 - S<j> 2 ) 1 • (2s) + (</)- s<t> 2 ) 2 = 2s(0i - S(j) 12 ) - S(j) 22 = 0, 

there exists a smooth function f(u) such that cj>—s ^>2 = f{b 2 — s 2 ). Let <j> = sip, then we have —s 2 p 2 = f{b 2 — s 2 ). 
Thus 

p = -fib 2 -s 2 ) + 2 f fib 2 - a 2 )da + gib 2 ), 
s Jo 


where g is a smooth function. 


□ 










In our problem, the function <p(b 2 , s) is always positive. Using the change of variables (15.11) . Equation (11.91) 
can be reexpressed simpler as follows, 


[ft - n{u + v 2 )] 


1 

V4> 


flV 


1 

\R> 


i 

V4> 


— K 


1 

V4> 


-3 


= 0 . 


(5.2) 


According to the Equation 24 of Section 2.9.2 in 0, if we set £ = I . = then Equation (15.21) becomes 

-\/k—/j,(u+v 2 ) 

+ /r 


v$) 


a 


1 

\R> 


-K 


1 

\R> 


-3 


= 0. 


Hence, one can obtain all the positive solutions of Equation EH by solving the above equation directly. 


6 Solutions of Equations (11,71) and (11,91) when k/ 0 and (i = 0 

If ft ^ 0 and /x = 0, Equation (15.21) becomes 

(j?h = <r ( 7 ?) ’ (6,1) 

where a \= (A This equation had been solved in [El- 

Lemma 6.1. \12f The non-constant solutions of Equation (EH are given by 

<t>(u,v) = , ' ,— ~ 

p{u) ± lyj—crv 

or 

\ ___ 

<P{U, V) ( ( \ \ f \ \2 i ’ 

ip(u) + q(u)v) z + a 

where p[u) and q(u) are two arbitrary smooth functions. 

Lemma 6.2. When p = 0 and ft ^ 0, the non-constant solutions of Equations m and m are given by 

(f{b 2 ,s) = — \— •- - - 

2 v / 0 iVU -b 2 + s 2 ±s 

or 

j.n.2 ^ d(u) 

<P(° ’ s ) = 2 ( vn / n i —\2 I—> 

q z {u){Vq{u) + v) z + o 

where a = —, u := b 2 — s 2 and v = s, the function q(u) ^ 0 is determined by the following equation 

D 2 q i + (u — C)q 2 — o = 0, 
where C and D are both constant numbers. 


7 Solutions of Equations (11,71) and (11,91) when k = 0 and /i ^ 0 


If ft = 0 and p, ^ 0, Equation (15.21) is reduced to the following form 

{u + v 2 )f vv + vf v - f - rf~ 3 = 0, 


(7.1) 


where f := -4=f and r := — —. 

J V9 M 
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Lemma 7.1. The non-constant solutions of Equation m are given by 




2 q(u)(y/u + v 2 ± v) 2 
[q(u){y/u + v 2 ± v ) 2 + p(u )] 2 + t 


where p{u ) and q{u ) are two arbitrary functions. 


(7.2) 


Proof. Regard Equation (EH) as an ODE of v. If f v = 0, then / must be a constant. If /„ ^ 0, then multiplying 
the both sides of EH) by f v and integrating with respect to v yields 


{u + v 2 )(f v ) 2 = 2 y(/ + t/ 3 ) d f = f 2 - T f 2 - 2p(u), 


where p(u) is an arbitrary function of n. Since n + v 2 > 0 in our problem, by the above equality we have 


So 


_d f_ _ = ± du 

\J f 2 — r/ -2 — 2p(u) y/u + v 2 


f 2 + v 7 / 4 - 2 p(u)f 2 - t = q{u)(y/u + v 2 ±v) 2 + p(u ), 


where q{u) is an arbitrary function of u. Hence, (f> is given by (17.21) . □ 

Lemma 7.2. When k = 0 and /j 7 ^ 0, the non-constant solutions of Equation EH and EH are given by 
El, where p{u) and q(u) satisfy an ODE system as follows: 

uq 2 p' + (p 2 + t )q' = 0, (7.3) 

qp' - 2 pq' - uqq' - 2 q 2 = 0. (7.4) 

Proof. Using the change of variables EH, Equation EH becomes 

$vv ‘^'0(f) U v 4 (j) u — 0. 

When (j)(u , v ) = [ q ( u ^!yu+^-t)2+p( u )] 2 +T ’ the Maple we know that the above equation is equivalent 

to the following equation 

A e (u)v 6 + A 4 (u)u 4 + A 2 [u)v 2 + A 0 (u) + Vu + v 2 {A 5 (m)u 5 + A 3 {u)v 3 + Ai(u)v} = 0, (7.5) 

where 


A 6 (u) = -A 5 (u ) = -32 q 3 (qp' - 2 pq’ - uqq' - 2 q 2 ), 

3 

A 4 (u) = -uA e (u) + M, 

A 3 (u ) = uA 5 - M , 

M{u) = -^{3u 2 q 2 - p 2 - t)A 6 + -^-(2uq + p)M, 

A i( u ) = jjr^(.u 2 q 2 -p 2 -t)A 5 --^-(uq + p)M, 

Ao(u) = ^-^[u 3 g 3 ~ ( 3 «9 + 2 p)(p 2 + t)]A 6 + (3«V + + 3 P 2 - r)M, 

and M := 24 q 2 [uq 2 p' + (p 2 + r)q']. 

Since y/u + v 2 is irrational with respect to v and the remaining parts of Equation EH are rational, Equation 
EH holds if and only if 


A 6 (u)v 6 + H 4 (u)u 4 + A 2 (u)v 2 + A 0 (u) = 0, A 5 (u)v 5 + A 3 (u)v 3 + Ai(u)u = 0. 

As a result, Ai(u) = 0 for 1 < i < 6 , which are equivalent to Equations EH and EH- 

2 q(u)(y/ u-\-v 2 -\-v) 


We can obtain the same equations similarly when <f>(u , v) = ^^ ^ m - i - l 2 + 1 ,) 2 +p l |„ )]: 


+T 


□ 
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Lemma 7.3. The solutions of Equations and m with q(u) ^ 0 are given by 


p(u) = ±V z: t 1 q(u) = ± 


(C ± V C 2 + 8 pu) 2 
4 u 2 


(7.6) 


p(u) = ±\ 


l~{C 2 - D)t - C(Ct - 2it) ± v/D(CV - 2u) 2 - L>(C 2 - L>)r 2 

2(C 2 - D) : 


g(u) = 


P 2 + T — Upp' ± y/(p 2 + T — Upp ') 2 — (p 2 + r)u 2 p' 


u 2 p' 


where C and D are constants. 

Proof. (17.31) x (uq + 2p 1+ (I7.4II x (p 2 + r) yields 

u 2 p'q 2 — 2(p 2 + t — upp')q + (p 2 + r)p' = 0 . 
When p' = 0, then p = i-/—r by (ESI). In this case, (rm is equivalent to 




SO 


L< ^ =2p 'W + c 


for some constant C, which leads to the solutions dm . 
When p' 0, then by (17.91) 


9 = 


p 2 + T 


p 2 + t — upp 1 ± \J{p 2 + r — upp') 2 — (p 2 + r)u 2 p' 
Putting the above equality into (ESI) yields 

( p 2 + r) 2 p" + ( p 2 + r)p(p') 2 + 2 ru(p') 3 = 0. 
Regard u as the function of p , then the above equation turns to be 


2 T 


u — 


p 2 + T 


U — 


(p 2 + r) : 


;U = 0, 


and its solutions are given below, 


= C(p 2 + t) ± \TDp\Jp 2 + r, 


(7.7) 

(7.8) 


(7.9) 


where C and D are constants, and hence p can be solved and given by dm . Notice that the constant D here 
can be negative. □ 


8 Proof of Theorem 11.21 and some regular examples 

Proof of Theorem II.ill It is true by Theorem 11.11 and Lemma 16.21 


□ 


four typical kinds of regular general (a, /3)-metrics in our problem, and Example 18.51 


shows that we can also give the analytic expressions in the case k ^ 0 and p ^ 0 . 
Example 8.1. Take p = 0, A = 1 in mu CLTid g — — C — 1 in \1 . 1 0\) . then 


(f(b 2 ,s) = 


y/l — b 2 + s 2 
1 — 6 2 


± 


1 — 6 2 ’ 
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and the corresponding general (a, ft)-metrics 


= \/(l — \x\ 2 - 2 (g, x) - \a\ 2 )\y\ 2 + ((x, y) + (a, x )) 2 (x,y) + (a,x) 

1 - |x | 2 - 2(a,x) - \a\ 2 1 - |x | 2 - 2(a,x) - |a | 2 

are locally projectively flat with constant flag curvature K = —j. Actually, they are just the generalized Funk 
metrics El expressed in some other local coordinate system. 

Example 8.2. Take p = 0, A = 1 in El and a = 0, C = D = 1 in hi.Ill) , then parts of the solutions of 
EH are given by 

Mh 2 ^ _ _1__ (Vl - b' 2 + s 2 T s) 2 

n ’ \/l — b 2 + s 2 (Vl ^ b 2 + s 2 ± s ) 2 (1 — 6 2 ) 2 Vl — b 2 + s 2 ’ 

and the corresponding general (a, ft)-metrics 


IV(1 - M 2 - 2(g,x) - |a| 2 )M 2 + «x,y) + (a,y)) 2 T ((x,y) + (a,y))} 2 
(1 - |x | 2 - 2(a, x) - \a \ 2 ) 2 ^/(1 - |x | 2 - 2 (a,x) - \a\ 2 )\y\ 2 + ((x,y) + (a,y)) 2 


are locally projectively flat with constant flag curvature K — 0. Actually, they are just the generalized Berwald’s 
metrics El expressed in some other local coordinate system. 

Example 8.3. Take p = 0, A = 1 in El and <j=l,C = D= \in \1.11\) . then one solution of EH is 
given by 

S) = V 1 - 

\/l + 2 z + b 2 — s 2 + is ’ 

and the corresponding general (a, (3)-metrics 


F = -ft 11 - 

v/(l + 2 * + |x | 2 + 2 (a, x) + \a\ 2 )\y\ 2 - ((x, y) + (a, y )) 2 + i((x, y) + (a, y)) 

are locally projectively flat with constant flag curvature K = 1. They are parts of Bryant’s metricsJS , 77; . 

Example 8.4. Take p = 0, A = 1 in El and a = — 1, C = \ (l + -4), D = j (l — \) where 0 < |e| < 1 in 
EH. then part of the solutions of hl.ll\) is given by 


00 >4 = o 


1 f y/1 — b 2 + S 2 + S Ey/l — £ 2 b 2 + £ 2 S 2 + E 2 S 


l~b 2 


1 — eb 2 


and the corresponding general (a, ft)-metrics 

= 1 [ \/(l - |x| 2 - 2(a,x) - \a\ 2 )\y\ 2 + {(x,y) + ( a,y )) 2 + (x,y) + {a,y} 

2 | 1 — |x| 2 — 2{a,x) — \a\ 2 

£^[1 - e 2 (|x| 2 +2(a,x) + \a\ 2 )]\y\ 2 +e 2 {(x,y) + (a, y)) 2 + e 2 ((x, y) + (a,y)) 

1 — er 2 (|cc| 2 + 2(a, x) + |a| 2 ) 

are locally projectively flat with constant flag curvature K = — 1. TViey include Shen’s metrics of m as (39) in 
it. 

Example 8.5. Let a and ft be data satisfying El with p 4 0 and k / 0. According to Lemma 7.1 in ll2f . 
the following function 

^ + 4> 2 m _l/4f_ 

K — pb 2 y K — pb 2 K K— pb 2 \Jk— pb 2 + ps 2 

satisfies El and El */ and only if 4>{b 2 ,s) is one of the functions given in hl.l(A ) or hi.11)) . Hence, by 
Theorem ! 1. 1\ we know that the corresponding general (a, ft)-metric F = a(f>(b 2 , is locally projectively flat with 
constant flag curvature K. By the arguments in Section 3, these metrics are just the metrics in Theorem \1.2\ 
given in a different form. 
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9 Proof of Theorem 11.31 and some non-regular examples 

Proof of Theorem 1 1. 31 It is true by Theorem 11.11 Lemma 17.21 and Lemma T7.31 □ 

Let a and ft are given by ( 13.111 . According to ( 13 . 31 ) , a and ft satisfy ( 11.811 with k = 0 if and only if 

A 2 + p\a\ 2 = 0. (9.1) 


In this case, the length of ft is given by 


b = |A-/x(a,x)| 

V 1 ~t\x \ 2 

As a application of Theorem ll.3l some typical general (a, /3)-metrics with constant flag curvature are analytic 
constructed below. Note that all of them are of some singularity. 


K = 0 

Example 9.1. Let a and ft be data in m with an additional condition and take r = 0, p{u) = 0, 

q{u) = fjp in \1.13\) . then one solution of HI.120 is given by 

c/)(b 2 ,s) = (b + s ) 2 , 

and the corresponding general (a, (3)-metrics 

11A - p(a, x } I yj{l + n\x\ 2 )\y\ 2 - p(x,y) 2 + (A(x, y) + (1 + p\x\ 2 ){a, y) - p(a, x)(x , y)) } 


F = 


-p{l + m|z| 2 )V(1 + mM 2 )M 2 - p{x,y) 2 

are locally projectively flat with vanishing flag curvature. 

Example 9.2. Let a and ft be data in m with an additional condition m and take t = 0 , p{u) = 
q(u) = 2 ^ in 1 1 . 14 \) and 11.1,51) . then parts of the solutions of \1.12\) are given by 


ft(b 2 ,s) = 


IP~ 


and the corresponding general (a, ft)-metrics 


F = 


\/b 2 a 2 - ft 2 
b 2 


are locally projectively flat with vanishing flag curvature. Actually, F is a positive semi-definite Riemannian 
metric of signature (n — 1 , 0 ). 


Example 9.3. Let a and ft be data in KIP with an additional condition KH and take r = 0 , p{u) = ci '/ 1 + ClU - j 

q(u ) = ^ + 1 ^ ^> u 2 ^ + —where ci = ± 1 , C 2 = ±1 in $ 1 . 14 \ ) and U.15\) . then parts of the solutions of il,12\) 
are given by 

(f{b 2 ,s) = 


1 

[l + + Ci(6 2 - s 2 )j 

\ (b + s) 2 

\/l + Cl(& 2 

~*)\ 

^1 + c\b{b + s) + i 

S2 \A + Cl {b 2 - s 2 )| 


and the corresponding general (a, ft)-metrics are locally projectively flat with vanishing flag curvature. 
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K = -1 


Example 9.4. Let a and /? be data in m with an additional condition m and take r = — 1 , p(u) = c\, 
q(u) = 2 ( 1+C2 ^ 1+Cltt ) where c\ = ±1, C 2 = ±1 in \1.13\) . then parts of the solutions of \1.12\) are given by 


&{b 2 ,s) = 


(b + s ) 2 


2 jl + ci b(b + s) + c 2 y/l + Ci (& 2 — s 2 ) j 

and the corresponding general (a, /3)-metrics are locally projectively flat with flag curvature K = —1. 

Example 9.5. Let a and (3 be data in m with an additional condition m and take r = — 1 , p{u) = 

-y/1 + C\u, q(u) — ci —• where Ci = ±1, c 2 = ±1 in 1 1.14\) an d U.151) . then parts of the solutions of 

M.l2\) are given by 

h 2 - s 2 

Mb 2 ,*) = r ‘ - - T , 

2b |6i/l + ci (& 2 — s 2 ) + c 2 s j 

and the corresponding general (a, 0)-metrics are locally projectively flat with flag curvature K = —1. 

Example 9.6. Let a and ft be data in mu with an additional condition m and take r = — 1 , p{u) = 

- 7 = ^/T+ c \/1 — r?, q(u) = — '/ 2 V 1 + c v' 1 ~ u +" where c = ±1 in \l.lj 1) and (I7T5\), then parts of the solutions of 

V2 v / 2(l+cVT 3 u T ) 2 - 

\1.12\) are given by 


(f){b 2 ,s) = 


2 V 2 + Cyfl - (b 2 - S 2 ) 2 + b 2 - s 2 ^j (l + Cy/1 - ( 6 2 - S 2 ) 2 ) ' ( b + S f 


2 (l + c ynr(b2Z^2]2) 3 _ | + b 2 - S 2 ) (6 + s) 2 - (l + cVl-(fo 2 -s 2 ) 2 ) 2 | 

and the corresponding general (a, 0)-metrics are locally projectively flat with flag curvature K = — 1. 


K = 1 


Example 9.7. Let a and /3 be data in EZP with an additional condition m and take t = 1 , p(u) = 
\/\/T + u 2 — 1 , q(u) = 2 ^/'2 l + u ’ r ~ ^-+^ u i n jXTgj j jj, 151) . t/ien one solution of H 1.1 20 is given by 


2(v / T+« T -l) 2 

2^/2 (y/2yJy/T+Jb 2 - S 2 ) 2 - 1 + b 2 - S 2 ^j (yi + (& 2 -S 2 ) 2 — l) § (b + sf 
2 ( v 7 ! + (b 2 - s 2 ) 2 - l) 3 + { [V2\J s/lTJb 2 - s 2 ) 2 - 1 + b 2 - s 2 ^j {b + s) 2 + (yi + (b 2 - s 2 ) 2 - l) 2 j 
and the corresponding general (a, 0)-metrics are locally projectively flat with flag curvature K = 1. 


0(6 2 ,s) = 
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